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ABSTRACT 
 
In this study, mixed convective heat transfer and entropy generation of Al2O3-water in a lid-driven square cavity 
with roughness elements on the bottom surface have been studied. The vertical sidewalls of the cavity are 
adiabatic and horizontal walls are maintained at a constant temperature, while the top wall is moving at a 
constant velocity. Various Reynolds numbers, Rayleigh numbers, and nanoparticles concentrations have been 
considered. The wavy bottom wall of the cavity is determined by the number and amplitude of the roughness 
elements. It has been observed that the larger amplitude reduces the heat transfer rate while increasing the 
total entropy generation and the average Bejan number (Beavg). Conversely, the roughness elements reduce the 
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heat transfer rate and total entropy generation while increasing the Beavg. It has been further observed that the 
amplitude has a greater effect on the entropy generation and Beavg than the number of roughness elements. In 
addition, increasing the Reynolds and Rayleigh numbers increases the average Nusselt number and total 
entropy generation, while reducing Beavg. Addition of nanoparticles in a base fluid increases the heat transfer 
while minimizes the total entropy generation. The Beavg rises with nanoparticle concentrations. The lowest 
entropy generation for nanofluid could be achieved at low Rayleigh number and Reynolds number with a fixed 
number and amplitude of the roughness elements. In the cases studied, total entropy generation is greatly 
affected by heat transfer irreversibility while fluid friction irreversibility plays a minor role in the total entropy 
generation enhancement. 
Keywords: Mixed convection, Nanofluid, Surface roughness, Entropy generation, Bejan number 
 
INTRODUCTION 
 
 Conventional fluids used for heat transfer applications such as water, mineral oils, 
and ethylene glycol have low thermal conductivity. Thus, there is a great need to develop 
new kinds of fluids that are more effective in terms of heat transfer performances, which 
lead to researchers developing various nanofluids. Nanofluids are fluids containing metallic 
or non-metallic nanometer-sized particles suspended stably and uniformly in a base fluid. 
The use of nanoparticles in nanofluids results in higher thermal conductivities and heat 
transfer coefficients as compared to the base fluid. A study by Lee et al. [1] indicated the 
thermal conductivity of Al2O3-water and Cu-water nanofluids increases with nanoparticles 
concentration. The presence of nanoparticles alters the transport characteristics and heat 
transfer performance. The heat transfer characteristics of the nanofluid also depend on the 
shape, size, thermo-physical properties of nanoparticles, and the thermophysical properties 
of the base fluid. Even though many experimental studies have been carried out for 
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nanofluids showing their better thermal performances [1-7], further studies are required to 
prove that the enhancement of thermal conductivity is beneficial for mixed convection in 
the enclosure. 
 Natural convection and forced convection are the two ends for the convective heat 
transfer. In natural convection, fluid motion is driven by the difference in temperature of a 
surface and fluid. In forced convection, an external force such as a moving plate drives the 
fluid motion. Mixed convection is due to the presence of both conditions. Thus, mixed 
convection can be preferred as a mode to enhance heat transfer. A study of natural 
convection of Cu-water nanofluid in the two-dimensional enclosure was examined by 
Khanafer et al. [8]. It was discovered that in any given Grashof number, heat transfer in the 
enclosure increases with nanoparticles concentration. Oztop et al. [9] studied the effect of 
nanofluids on natural convection. It was shown that the increase in nanoparticle 
concentration increases the heat transfer rate. Many numerical studies on the 
enhancement of buoyancy-driven natural convection of nanofluids and other fluids in 
various geometries and boundary conditions had been conducted [10-21]. 
 Lid-driven mixed convection flow is used widely to simulate processes, such as 
cooling microelectronic devices, solar collectors, food processing, lubrication purposes, 
drying applications, and nuclear reactors. Mixed convection of nanofluids in an enclosure is 
a challenging problem due to the complex interactions between inertia, viscous, and 
buoyancy forces of the nanoparticles. Fluid flow and heat transfer by using mixed 
convection driven by buoyancy and shear in a cavity filled with a base fluid or nanofluid 
have been studied recently. According to the study carried out by Basak et al. [22], the 
effect of natural convection decreases while forced convection increases with the higher 
Reynolds number. Studies done by Buongiorno [23], Tiwari and Das [24], Nemati et al. [25], 
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Talebi et al. [26], Mansour et al. [27], Nayak et al. [12, 28], Hussain et al. [29], and Cong et al. 
[30] are showing that the heat transfer rate increases with increasing nanoparticles 
concentration. Sortiji et al. [31] examined the mixed convection heat transfer of Al2O3-water 
nanofluid in a ventilated cavity. It was shown that the average Nusselt number increases 
with the Reynolds number, Richardson number, and nanoparticle’s concentration. Al-Amiri 
et al. [32] studied the effect of the wavy bottom wall on the mixed convective heat transfer 
in a square cavity. It was suggested that large wavy surface amplitude enhanced heat 
transfer mechanism in a lid-driven cavity at low Richardson number. 
 Entropy is the degree of disorder in an enclosed system where the transfer of energy 
takes place in a single direction, also known as an irreversible process. The entropy 
generation signifies the irreversibility of the process, which determines the performance of 
thermal machines. On the other hand, the thermodynamic efficiency of a system is reduced 
due to the entropy generation. In every convective heat transfer problem, there will always 
be a tradeoff between heat transfer irreversibility and frictional force irreversibility [33, 34]. 
 The problem of entropy generation in cavities filled with nanofluids has attracted 
significant attention. A number of studies have been conducted focusing on the entropy 
generation of natural convection heat transfer [35-37]. The work of Cho et al. [38] showed 
that increasing nanoparticle concentration reduces the total entropy generation. His study 
also pointed out that larger amplitude and wavelength of the wavy surface increase the 
total entropy generation and Bejan number. The studies of Oliveski et al. [39] showed that 
the total entropy generation subjected to natural convection in the steady-state increases 
linearly with aspect ratio, and irreversibility ratio, exponentially with the Rayleigh number. 
In addition, the entropy generation due to viscous effects increases exponentially with the 
Rayleigh number. Khorasanizadeh et al. [40] studied mixed convection and entropy 
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generation in a lid-driven square cavity. It was highlighted that the increase of Reynolds 
number increases the heat transfer term and viscous term of entropy generation. A similar 
result is obtained by Nayak et al. [28]. Their study also mentioned that the increase in 
buoyancy effect increases the entropy due to heat transfer. Mamourian et al. [41] studied 
mixed convection and entropy generation in a wavy bottom lid-driven square cavity using 
Taguchi method. The result of his work indicates the optimum parameters to maximize the 
heat transfer in terms of nanoparticle concentration, the wavelength of the wavy surface, 
and the Richardson number. 
 There are several numerical investigations on the entropy generation of nanofluids 
in cavities utilizing mixed convection process, but uncertainties (particularly benefits of 
using nanofluids, the addition of surface features, and the impact nanoparticles on the 
entropy generation) still exist in a square cavity with the wavy bottom surface. Thus, the aim 
of the present work is to study the heat transfer and entropy generation in mixed 
convection processes in the cavity with sinusoidal roughness elements on the bottom wall 
through numerical simulation. A square cavity filled with Al2O3-water nanofluid with a lid 
moving from left to right at constant velocity has been considered. The amplitude and 
number of the roughness elements are used to define the sinusoidal geometry. For various 
simulations, several values of Rayleigh number, Reynolds number, and nanoparticle 
concentration are considered. The entropy generations, including irreversibility due to heat 
transfer and fluid friction, are also investigated along with the Bejan number. 
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GOVERNING EQUATIONS AND PROBLEM FORMULATION 
 
 Figure 1 shows a schematic diagram of a lid-driven square cavity with roughness 
elements intruded at the bottom wall, where H and L denote the height and length of the 
cavity, respectively. The scaled amplitude and number of roughness elements with respect 
to the cavity length and height are denoted by A and N, respectively. The top wall of the 
cavity is moving from left to right with a uniform velocity of u0. The temperature of the top 
wall is kept constant at Tmin, while the roughness elements have a temperature of Tmax. The 
two vertical walls are considered to be the adiabatic and non-slip condition is applied. The 
nanofluids are considered a Newtonian, incompressible fluid, and the flow is laminar. The 
nanoparticles are assumed to have uniform size and shape. The radiative heat transfer and 
chemical reaction between the base fluid and nanoparticles and the viscous dissipation in 
the heat transport equation have been neglected. The area of the cavity is kept constant, 
while the A varies from 0 to 0.15 and N varies from 0 to 10. The dimensionless velocity 
components (U and V) and temperature () in Figure 1 are expressed as: 
0u
u
U = , 
0u
v
V = , min
max min
T T
T T

−
=
−
 (1) 
 The conservation equations of mass, momentum, and energy for two-dimensional, 
laminar, steady-state mixed convection fluid flow and heat transfer are used as the 
governing equations in this study, using the Navier-Stokes equations with the Boussinesq 
approximation in the y-direction. These equations are expressed as [30, 42]: 
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In the above equations, u and v are the horizontal and vertical velocities respectively, p is 
the pressure, µnf is the effective dynamic viscosity of nanofluid, ρnf is density of nanofluid, 
nf is thermal expansion coefficient of nanofluid, T is the temperature, g is gravitational 
acceleration, knf is the effective thermal conductivity of nanofluid, and Cp,nf is the effective 
heat capacity of nanofluid. The effective density, heat capacity, and thermal expansion 
coefficient of nanofluids are estimated using the effective medium theory, as it provides a 
reasonable estimate of effective properties and this theory has been widely used for multi-
phase systems [24-26, 43-50]. The effective density, heat capacity, and thermal expansion 
coefficient are expressed as: 
Effective density:  
(1 )nf f s   = − +  (6) 
Effective heat capacitance: 
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The effective dynamic viscosity of the nanofluids is given by the Brinkman model [51]: 
2.5(1 )nf f  
−= −  (9) 
The effective heat conductivity is defined by the Maxwell model [52]: 
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where subscripts f, s, and nf denote base fluid, nanoparticles, and nanofluid, respectively, 
and  is the volume fraction of nanoparticles in the base fluid. In this study, the 
nanoparticles (Al2O3) are assumed to be in thermal equilibrium with the base fluid (water), 
and the thermo-physical properties of nanofluids are constant. Thermo-physical properties 
of water and Al2O3 nanoparticles are listed in Table 1 [30, 42]. 
 A set of dimensionless numbers is used to alter the relation between the inertial and 
buoyancy forces. The Reynolds (Re), Rayleigh (Ra), Grashof (Gr), and Richardson (Ri) 
numbers are defined as: 
0Re
nf
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= , 
3
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nf
nf nf
g TL
 
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= , 
3
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nf
g TL


= , 
2
Gr
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 (11) 
where αnf is the thermal diffusivity (= knf/ (nf Cp,nf)) and vnf is the kinematic viscosity of 
nanofluid. For different inertial forces considered in this study, the Reynolds numbers are 
varied between 100 and 1500 that changes the velocity of the moving lid. For different 
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buoyancy forces considered, the Rayleigh numbers are varied between 104 and 107. The 
Grashof number shows the ratio of the buoyancy to the viscous force acting on the fluid, 
while the Richardson number shows the significance of natural convection related to forced 
convection. Natural convection dominates the heat transfer regime when Ri > 10 whereas 
the effect of forced convection is dominant when Ri < 0.1. Both types of convection are said 
to have an equivalent effect when 0.1 < Ri < 10. 
 To determine the heat transfer performance, local and average Nusselt numbers are 
computed. The Nusselt number (Nu) is defined as the ratio of convective to conductive heat 
transfer across (normal to) the boundary. The local Nusselt number (NuH) along the rough 
bottom wall is calculated as: 
Nu
nf
H
f
h L
k
=  (12) 
where hnf is the effective heat transfer coefficient. The average Nusselt number (Nuavg) is 
calculated through the integration of NuH over the roughness elements, as follows: 
avg
1
Nu Nu dH A
A
=   (13) 
 In the convection process, the entropy generation is associated with heat transfer 
and fluid friction. The local entropy generation (sgen) is calculated using the expression 
suggested by Bejan [33]: 
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 (14) 
where To = 0.5(Tmax+Tmin) is the reference temperature. 
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 The first term in the above equation represents the dimensional entropy generation 
due to heat transfer, while the second term is the dimensional entropy generation due to 
fluid friction. By using the dimensionless parameters introduced in Eq. (1), the local entropy 
generation equation is transformed into the non-dimensional form as: 
2 2 2 2 2
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where S’gen is the non-dimensional entropy generation and  is the base fluid irreversibility 
distribution ratio. In this study,  is taken as 10-4. A similar value of  was considered by 
Nayak et al. [12, 28]. Note that  is an adjustable parameter and for a given fluid that varies 
according to the temperature difference number, ΔT/To. Nanofluid’s irreversibility 
distribution ratio, χ varies corresponding to the volume fraction of nanoparticles. 
 The dimensionless volume-averaged entropy generation (Sgen) is obtained through 
the integration of the scaled local entropy generation over the whole domain.  
1
dgen genS S V
V
=   (19) 
The Bejan number (Be), which is also known as irreversibility distribution, is the ratio of 
entropy generation due to the heat transfer to total entropy generation, defined as [37]: 
,
Be
gen h
gen
S
S

=

 (20) 
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The average Bejan number (Beavg) is obtained by integrating the local Bejan number over 
the whole domain.  
avg
1
Be BedV
V
=   (21) 
When Beavg approaches to 1, the irreversibility due to heat transfer dominates the entropy 
generation. The fluid friction irreversibility is said to be dominant when Beavg is smaller than 
1/2. When Beavg is 1/2, the distributions of entropy generation due to heat transfer and fluid 
flow friction are equal [37]. 
 
NUMERICAL MODELLING 
 
 The numerical solution is obtained by solving the governing equations using 
commercial finite volume-based software, ANSYS-FLUENT. A second-order upwind scheme 
is used for the spatial discretization of the aforementioned equations. The velocity-pressure 
coupling is done by the SIMPLE algorithm and a pressure-based solver is used to computing 
the solution. The solution of the governing equations is considered converged when the 
residuals are lower than 10-6 for the mass and momentum equations and smaller than 10-8 
for the energy equation. 
 
Model Validation 
 
 In order to identify the accuracy of the heat transfer results, the numerical method is 
evaluated by comparing with the results of other literature. First, a simulation is carried out 
for natural convection in a square cavity filled with an air of Prandtl number (Pr) = 0.7 
similar to Dixit and Babu [53] and De Vahl Davis [54]. The cavity considered to have 
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adiabatic horizontal walls and heated vertical walls with the left wall kept at a higher 
temperature. The results obtained for the average Nusselt number on the left wall achieved 
a good agreement with both authors as shown in Figure 2. 
 In addition, a case of natural convection utilizing 5% Cu-water nanofluids with water 
of Prandtl number (Pr) = 6.2 as a base fluid is performed at Grashof number, Gr = 105. This 
case is compared with the data of Khanafer et al. [8]. The square cavity considered has 
adiabatic horizontal walls and heated vertical walls with the left wall kept at a higher 
temperature. The temperature profile and velocity profiles along the mid-section of the 
cavity were plotted. It can be seen in Figure 3 that the peak values of velocity components 
of the present study are less than the results of Khanafer et al. [8]. This is due to the 
different software used to perform the simulations. Overall, the solutions of the present 
numerical code were in excellent agreement with results from the literature. 
 The accuracy of present numerical code is further validated by comparing the results 
with Nayak et al. [28] for mixed convection of Cu-water nanofluid utilizing various volume 
fractions of nanoparticles at Re = 100 and Gr = 103. The top lid-driven square cavity has 
adiabatic vertical walls and heated horizontal walls with the bottom wall kept at a higher 
temperature. The results obtained from the present numerical code compared well with 
results from the data of Nayak et al. [28] as shown in Figure 4. Once again, the present 
numerical results show a good agreement with the literature data for a wide range of 
nanoparticle concentrations. 
 The numerical model for entropy generation is also validated by making a case study 
for natural convection of air for Pr = 0.7 at Ra = 103 to compare with the data of Ilis et al. 
[55]. The considered domain, in this case, is a square cavity with adiabatic horizontal walls 
and heated vertical walls, which is identical to the geometry used by Ilis et al. [55]. A 
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qualitative comparison of the present data with the literature data is shown in Figure 5. It is 
evident from Figure 5 that the local entropy generation plot due to heat transfer and fluid 
friction for this problem is similar to the result presented by Ilis et al. [55]. 
 
Mesh Independence Test 
 
 A mesh independence test is made to obtain an optimum mesh size in order to 
obtain the results’ consistency. This is done by comparing the average Nusselt number along 
the wavy bottom wall for various mesh sizes utilizing triangular mesh. The results of the 
mesh independency test are illustrated in Figure 6 for two Rayleigh numbers (105 and 107) at 
Re = 103 and  = 1% of Al2O3-water nanofluid in a square cavity with roughness elements of 
8 and scaled amplitude of 0.05. As shown in Figure 6 for Ra = 105, further increment in mesh 
volumes above 46220 has no observable changes on average Nusselt number as it had come 
to a nearly constant value. Thus, a mesh volume in the order of 50000 seems sufficient to 
achieve a mesh independent result for Ra = 105. However, the same mesh volume is not 
sufficient for the cases of higher Rayleigh numbers, particularly Ra > 5106. As shown in 
Figure 6 for Ra = 107, a mesh volume in the order of 100000 is needed to achieve a result 
with less than 1% error. Even with a higher mesh volume for Ra = 107, the percent of error is 
higher compared with the result of Ra = 105 at a mesh volume of 46220. Thus, most of the 
simulations in the present study are carried out using mesh size with a volume in the order 
of 50000 for Ra < 5106, while a higher mesh volume was used for the cases of Ra > 5106. 
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RESULTS AND DISCUSSIONS 
 
 In this section, numerical results of mixed convective heat transfer and entropy 
generation of Al2O3-water nanofluids in a lid-driven cavity with roughness elements at the 
bottom wall are presented. A set of graphs, thermal contours, and streamlines are shown to 
illustrate the relationships between different parameters: Rayleigh number, Reynolds 
number, amplitude and number of roughness elements, and nanoparticles concentration. 
 
Effects of Scaled Amplitude and Number of Roughness Elements 
 
 Figure 7 shows the variation of the average Nusselt number along the bottom 
surface as a function of roughness element number for three values of scaled amplitude 
when Reynolds number, Re = 1000, Rayleigh number, Ra = 105 and volume fraction,  = 1% 
Al2O3-water nanofluids are used. Based on the obtained data, the average Nusselt number is 
the largest at A = 0.05 among the tested amplitudes. Nuavg decreases with the increase in A. 
Furthermore, the addition of roughness elements reduces heat transfer performance. This is 
further analyzed by comparing the isothermal plots (shown in Figures 8 and 9) for various 
scaled amplitudes and the number of roughness elements.  
 Isothermal plots of 1% Al2O3-water nanofluid for different amplitudes at N = 8, Re = 
1000, and Ra = 105 and isothermal plots of 1% Al2O3-water nanofluid for different number of 
roughness elements at A = 0.10, Re = 1000, and Ra = 105 are presented in Figure 8 and 
Figure 9, respectively. Figure 8 illustrates that with higher amplitude of roughness elements, 
the flow cannot reach the bottom part of the cavity. This leads to a decreased convective 
heat transfer between the nanofluid and roughness elements. Equivalently, it lowered the 
relative strength of convective to conductive heat transfer so results in lower Nuavg. As seen 
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in Figure 9, an increasing number of roughness elements interferes with the flow towards 
the bottom wall. The interference reduces the effectiveness of heat transfer along the 
surface, which eventually produces a lower Nuavg, as flow reaches only the top of the 
roughness elements and the fluid at the bottom of the roughness elements remains 
stagnant. The effect is more pronounced near the center region of the bottom wall. This 
indicates that the addition of roughness elements number and increase in amplitude 
reduces the heat transfer from the wavy bottom wall to nanofluids. 
 The variation of average Nusselt number for various numbers and amplitudes of 
roughness elements could also be explained by observing the local heat flux distribution 
along with the roughness elements as presented in Figure 10. The number of peaks is 
corresponding to the number of roughness elements. It is discovered that N = 10 
demonstrates the greatest local Nusselt number (NuH). However, the average Nusselt 
number for N = 10 is lower than N = 8. This is because Nuavg is obtained by the integration of 
local Nu then divided by relevant surface area. A wall with a higher number of roughness 
elements has a larger surface area. The increment of surface area for higher N is greater 
than the enhancement of Nu, hence, resulting in a lower Nuavg value. The same is applied to 
the cavity with different roughness elements amplitude. The increase in roughness element 
amplitude increases the peak value of NuH. This is because the thermal boundary layer is 
thinner near the peaks of roughness elements as highlighted in Figure 8. It is also noticed 
that maximum local Nu moved towards the right side of the cavity. This phenomenon is due 
to the direction of the moving lid. It is evident that the insignificant effect of fluid flow near 
the lower corner of the cavity, which resulted in a lower heat transfer rate. 
 Figure 11 shows the effects of the number of roughness elements and scaled 
amplitude on average entropy generation (Sgen) and average Bejan number (Beavg). It is 
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observed that there is an increasing trend in the total entropy generation with an increase 
in amplitude. When the amplitude of N = 8 changes from 0.10 to 0.15, it resulted in an 
enhancement of 5.5% in total entropy generation. On the other hand, the increase in 
roughness-elements number reduces the total entropy generation. Roughness elements of 
10 produce a decrement of 0.5% in total entropy generation compared to roughness 
elements of 8 at A = 0.10. An increase in number and amplitude of roughness elements 
augments the average Bejan number within the cavity. At N = 8, an increment of 3.8% in 
Beavg is observed when the amplitude increases from 0.10 to 0.15. Meanwhile, the 
increment in Beavg is only 2.7% with the addition of roughness elements number from 8 to 
10 at A = 0.10. It is worth noting that varying amplitude has a slightly higher effect than the 
number of roughness elements in the enhancement of heat transfer rate, entropy 
generation, and Bejan number. However, further studies are needed for precisely 
quantifying the effects of amplitude and roughness elements in a confined domain. 
 Figure 12 illustrates the Bejan plot for cavity with A = 0.10, N = 8 at Re = 1000 and Ra 
= 105. Bejan number (Be) is the ratio of heat transfer irreversibility to total entropy 
generation. The Bejan number of 1 indicates heat transfer dominant entropy while the 
Bejan number of 0 means fluid friction dominant entropy. The red contour (near the domain 
walls) represents Be = 1, while the blue contour (at the center of the domain) represents Be 
= 0. The average Bejan number is determined by the distribution of Bejan number over the 
cavity. With a major part of the cavity occupied by heat transfer irreversibility, the average 
Bejan number is higher than 0.5. 
 
Effect of Reynolds number 
 
17 
 Figure 13 depicts the effects of Reynolds number on the average Nusselt number for 
various numbers and scaled amplitude of roughness elements for 1% Al2O3-water nanofluid 
at Ra = 105. It is observed that the increase in the Reynolds number increases Nuavg for all 
cases with different amplitude and number of roughness elements. Since a higher Reynolds 
number indicates a higher lid velocity, it provides a larger inertial force to the nanofluids. 
Thus, the heat transfer is higher with the Reynolds numbers. However, the rough cavity 
shows a lower heat transfer than that of the smooth cavity. This could be explained by 
analyzing the isotherms and streamlines for various Reynolds numbers. Figure 14 shows the 
isotherms and streamlines for Re = 100, 500 and 1000 at N = 8 and A = 0.10. As observed in 
Figure 14, the fluid only reaches the top of the roughness elements; thus, taking heat away 
only from the part of the roughness elements. As the fluid between the roughness elements 
is stagnant, the convective heat transfer from the rough cavity is lower than that of the 
smooth cavity. 
 The effects of Re, N, and A on the average entropy generation (Sgen) and the average 
Bejan number (Beavg) at Ra = 105 are shown in Figure 15 and Figure 16. It is revealed that 
entropy due to heat transfer and fluid friction, as well as total entropy generation, increases 
with Re. Increasing Re value enhances the forced convection that results in a greater 
difference between the wall and bulk temperature, hence, a higher local temperature 
gradient. This leads to a higher heat transfer entropy generation rate. Simultaneously, faster 
fluid flow leads to higher velocity gradient and larger shear stress that augments the fluid 
friction irreversibility. As seen from Figure 15, the rise in total entropy generation is mostly 
due to heat transfer irreversibility. Fluid friction irreversibility plays a little role in the 
entropy generation enhancement. The average Bejan number is not close to 1 despite the 
value of fluid friction entropy generation is relatively small compared to heat transfer 
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entropy generation. It is because Beavg is determined by the overall distribution of Bejan 
number in the cavity as seen in Figure 12. It is noticed that increasing Re reduces Beavg. The 
entropy generation at Re = 100 is dominated by heat transfer irreversibility as Beavg is 
approaching unity. At Re = 100, the fluid has a low inertial force and thus weaker fluid 
friction irreversibility effect compared to that of higher Re. It should be noted that changing 
A and N has a negligible effect on Beavg at Re = 100.  
 As observed in Figure 15, the total entropy generation for the smooth bottom wall is 
almost similar to A = 0.05 when Re ≤ 500. At Re ≥ 1000, there is a reduction of Sgen when 
roughness elements are introduced. The entropy generation then increases with amplitude. 
The reduction of Sgen is more evident at higher Re as seen in Figure 15. Moreover, the 
entropy generation due to fluid friction drops when A increases to 0.10 then rise again at A 
= 0.15. The Bejan number increases with the amplitude of roughness elements. The effect of 
A on Beavg is more distinct at higher Re. For instance, the increment of Beavg between a 
smooth wall and A = 0.15 is 6% at Re = 500, while it is 15% at Re = 1500. 
 As shown in Figure 16, the increasing roughness element number increases the total 
entropy generation when Re ≤ 500. However, a decreasing trend in the total entropy 
generation with the addition of roughness elements is observed for Re ≥ 1000. This is 
caused by the drop in Sgen, as pointed out in Figure 15. If the roughness elements have a 
higher amplitude, an increasing trend would be observed. Additionally, entropy generation 
due to fluid friction decreases with N. At 500 ≤ Re ≤ 1500, the addition of roughness 
elements gives rise to Beavg and the increasing trend is more pronounced at higher Re 
number. The average Bejan number is enhanced by 4% with the inclusion of 10 roughness 
elements at Re = 500 while the increment is 11% at Re = 1500. It is notable that the 
augmentation of the average Bejan number by varying amplitude and number of roughness 
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elements is more distinct at higher values of Re. As mentioned in the previous section, 
changing amplitude has a higher effect than the roughness elements number in the 
enhancement of heat transfer, entropy generation, and average Bejan number. 
 
Effect of Rayleigh Number 
 
 Figure 17 shows the effect of the Rayleigh number on Nuavg for various values N and 
A. The results are shown for 1% Al2O3-water nanofluid at Re = 1000 for the Rayleigh number 
ranging from 104 to 107. The number of roughness elements is fixed at 8 for various values 
of A, whereas amplitude is set at 0.10 for various values of N. It is observed that Nuavg 
slightly increases with the values of Ra but the effect is minute when Ra ≤ 105. This trend 
indicates the increased buoyancy effect enhances the heat transfer rate. Figure 17 further 
illustrates that Nuavg attains a maximum value before it decays then rises up again at high 
Rayleigh number. It is noticed that larger A shifts both the decay and rise in Nuavg to a higher 
Ra value. The variations of average Nusselt number for the different number of roughness 
elements are having the same trend as seen in Figure 17 for various values of N. The 
transition from forced convection to mixed convection is visible in Nuavg curves and is 
noticed when Ra is between 106 and 107. The qualitative trend of this transitional behavior 
is similar to the trends reported by other researchers [56-59]. The onset of mixed 
convection for a smooth cavity is noticed at Ra = 9105, while the addition of roughness 
elements shifts the onset of mixed convection towards a higher Rayleigh number. This effect 
is more prominent with the amplitudes of the roughness elements. As amplitude increases, 
the onset Rayleigh number also increases, while the onset Rayleigh number remains 
constant with the number of the roughness elements. 
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 The effects of Ra, scaled number and amplitude of roughness elements on entropy 
generation and average Bejan number at Re = 1000 are shown in Figure 18 and Figure 19. 
For Ra ≤ 106, the entropy generation increases with the Rayleigh number due to an 
increased buoyancy effect for N > 0. As mentioned before in Figure 11, entropy generation 
due to heat transfer (Sgen,h) increases with roughness elements amplitude. However, Sgen,h 
for a cavity with the smooth wall is slightly higher than that with the wavy bottom wall for 
Ra ≤ 105. This behavior is pointed out in Figure 15 where the smooth wall has higher Sgen,h 
than roughness elements with A = 0.10 at Ra = 105 and Re = 1000. Increasing Ra reduces 
Beavg but the changes are hardly noticeable. 
 For Ra > 106, a decline in the total entropy generation is observed. They rise up again 
when Ra is approaching 107. The minimum value of the entropy generation is lower when 
roughness elements have an amplitude of 0.10. A surge in Beavg is also noticed when Ra > 
106. It is found that the drop in entropy generation and a surge in Beavg occur at a higher Ra 
value for larger A while different roughness elements number has no effect on these. Larger 
values of A and N give rise to a higher average Bejan number at Ra = 107. 
 For Rayleigh number in the range of 106 to 107, the change of trend in Nuavg, Sgen, and 
Beavg with Ra number is caused by the transition from laminar to turbulent flow. The 
transition of laminar to turbulent flow could be observed in Figure 20. At Ra = 107, a 
secondary flow is formed at the lower part of the cavity. From the isothermal and 
streamline plots, it can be seen that the secondary flow prevents the primary flow from 
reaching the lower part of the cavity. Thus, the convective heat transfer is hindered along 
with the roughness elements and consequently reduces the average Nusselt number. A 
surge in Beavg from Ra = 106 to 107 could be explained by comparing the Bejan plots in Figure 
21 
21. There is a notable increase in an area dominated by heat transfer irreversibility at Ra = 
107 which gives rise to larger Beavg value. 
 
Effect of Nanoparticle Volume Fraction 
 
 Figure 22 illustrates the effects of nanoparticle volume fractions on the average 
Nusselt number. The results are presented for nanofluids with volume fractions () of 0%, 
1%, 2%, and 4% at Re = 1000, Ra = 105, and N = 8 with various values of A. Figure 22 shows a 
linear increase of Nuavg with the volume fraction of nanoparticles. It indicates that the 
addition of nanoparticles enhances the heat transfer rate. The increase of nanoparticle 
concentration in base fluid augments the effective thermal conductivity, hence, the heat 
transfer between the roughness elements and nanofluid. The presence of nanoparticles in 
the fluid enhances the Nuavg by approximately 7.3% at a volume fraction of 4% at A = 0.10. 
The increment in heat transfer rate is a similar disregard of the roughness element 
amplitude. 
 The effects of nanoparticle volume fractions () on the entropy generation and 
Bejan number are presented in Figure 23. It is noticed that entropy generation due to heat 
transfer (Sgen,h) drops linearly with increasing   values. This is expected as increasing 
nanoparticle volume fraction increases the effective thermal conductivity which enhances 
the local heat transfer leading to a lower local temperature gradient, hence, reduces the 
entropy generation by heat transfer. As observed in Figure 23, higher  decreases the 
entropy generation due to the fluid friction (Sgen,f). It is evident from Figure 23 that 
increasing nanoparticle concentration increases the average Bejan number linearly. For 
instance, the nanoparticle volume fraction of 4% enhances the Beavg of the fluid by 4%. 
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CONCLUSIONS 
 
 A numerical investigation has been performed to study mixed convection of Al2O3-
water nanofluids in a square lid-driven cavity with a wavy bottom wall, to provide an insight 
into the enhancement of heat transfer through geometry and medium optimization. The 
obtained results show that increased amplitude reduces the heat transfer rate, as well as 
increases the average entropy generation and Bejan number. The roughness elements 
reduce the heat transfer rate and total entropy generation while increasing the average 
Bejan number. It is notable that varying amplitude has a higher effect on both the total 
entropy generation and average Bejan number than that of the roughness elements. 
Besides, the augmentation of the average Bejan number by varying amplitude and number 
of roughness elements is more distinct at higher Re (≥ 1000). Variations of the number and 
amplitude of roughness elements have a negligible effect on the average Bejan number at 
Re = 100. Moreover, the heat transfer rate and entropy generation increase with the 
increase of forced convection effect. The rise in Re reduces the average Bejan number as a 
greater inertial force augments the fluid friction irreversibility. For Rayleigh number ≤ 106, 
the heat transfer rate and total entropy generation increase with the Ra, whereas the 
average Bejan number and entropy generation due to fluid friction show a decreasing trend. 
For Ra > 106, a fall in the average Nusselt number, heat transfer, and entropy generation 
due to the fluid friction are observed. Meanwhile, there is a surge in the average Bejan 
number. This sudden change in trend is caused by the transition from laminar to turbulent 
flow. Furthermore, the decay in average Nusselt number and total entropy generation, as 
well as the surge in the average Bejan number occur at a higher Ra value when roughness 
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elements have a higher amplitude whereas a various number of roughness elements has no 
effect on these. Increasing nanoparticle volume fraction enhances the heat transfer rate 
while reduces the total entropy generation. It is concluded that the entropy generation due 
to heat transfer plays a greater role in the enhancement of total entropy generation. The 
minimum entropy generation could be achieved at low Ra and low Re at a fixed , N, and A. 
It is evident from the present study that the addition of small surface feature in a heated 
surface could be a pathway in minimizing the entropy generation and enhancing the 
conductive heat transfer instead of using smooth surfaces. 
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Figure 1. Schematic diagram of the geometry with roughness elements. 
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Figure 2. Comparison of average Nusselt numbers with published data [53, 54]. 
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Figure 3. Comparison of the temperature and velocity profiles at mid-sections of the cavity 
for Gr = 105, Pr = 6.2, and  = 5% with published data [8]. 
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Figure 4. Comparison of local Nusselt number distributions along the bottom wall of the 
cavity for Re = 100 and Gr =103, where the lines represent the present modeling results and 
the symbols are from the literature [28]. 
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Figure 5. Comparison of local entropy generation contours due to heat transfer (left figure) 
and fluid friction (right figure) for natural convection of air. The top two figures show the 
present modeling results, while the bottom two figures show the literature data [55]. 
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Figure 6. Mesh independence test. 
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Figure 7. Effects of A and N on Nuavg at  = 1%, Re = 1000, and Ra = 105. Here the symbols 
are the computed data and the lines in the figure are guides for the eye. 
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Figure 8. Isotherms of 1% Al2O3-water nanofluid at different amplitudes, A = 0.05, 0.10, and 
0.15 (left to right). 
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Figure 9. Isotherms of 1% Al2O3-water nanofluid at different numbers of roughness 
elements, N = 6, 8, and 10 (left to right). 
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Figure 10. Local heat flux distributions along with the roughness elements for different 
values of N and A. 
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Figure 11. Effects of N and A on Sgen and Beavg at  = 1%, Re = 1000, and Ra = 105.  
 
  
38 
 
 
 
Figure 12. Bejan plot for 1% Al2O3-water nanofluid at N = 8, A = 0.10, Re = 1000, and Ra = 105. 
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Figure 13. Effects of Re on Nuavg for different values of N and A at  = 1% and Ra = 105. 
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Figure 14. Isotherms (top) and streamlines (bottom) for Re = 100, 500, and 1000 (left to 
right) at  = 1%, Ra = 105, N = 8, and A = 0.10. Part of the figure is reprinted from Ref. [42], 
with the permission of AIP Publishing. 
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Figure 15. Effects of Re on Sgen,h, Sgen,f, Sgen, and Beavg as a function of A for  = 1%,N = 8, and 
Ra = 105. 
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Figure 16. Effects of Re on Sgen,h, Sgen,f, Sgen, and Beavg for different values of N at  = 1%, Re = 
1000, and A = 0.10. 
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Figure 17. Effects of Ra on Nuavg for different values of A and N at  = 1% and Re = 1000, 
where the symbols show numerical data and the lines show the B-spline fits. 
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Figure 18. Effects of Ra on Sgen and Beavg for various values of A at  = 1% and Re = 1000, 
where the symbols show numerical data and the lines show B-spline fits. 
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Figure 19. Effects of Ra on Sgen and Beavg for various values of N at  = 1% and Re = 1000, 
where the symbols show numerical data and the lines show B-spline fits. 
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Figure 20. Isotherms (top) and streamlines (bottom) for Ra = 106 (left) and 107 (right) at  = 
1%, Re = 1000, N = 8, and A = 0.10. 
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Figure 21. Bejan plots for Ra = 106 (left) and 107 (right) at Re = 1000, N = 8, and A = 0.10. 
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Figure 22. Effects of  on Nuavg for different values of A when N = 8, Re = 1000, and Ra = 105. 
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Figure 23. Effects of  on Sgen,h, Sgen,f, Sgen, and Beavg for different values of A when N = 8, Re 
= 1000, and Ra = 105. 
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Table 1. Thermo-physical properties of base fluid and nanoparticles [30, 42]. 
Thermo-physical 
properties 
Base fluid 
(water) 
Nanoparticles 
(Al2O3) 
Cp (J/kgK) 4179 765 
ρ (kg/m3) 997.1 3970 
k (W/mK) 0.613 40 
 (1/K) 2.1×10-4 8.5×10-6 
μ (kg/ms) 1.002×10-3 - 
 
